A rectilinear congruence which possesses the property that the asymptotic lines correspond on the focal surfaces is called a JF-congruence. Either focal surface of such a congruence admits an infinitesimal deformation such that the direction of deformation at a point is parallel to the normal to the other surface at the corresponding point. BiANCHit has discovered certain Wcongruences whose two focal surfaces are applicable to the same quadric Q; such a congruence may be looked upon as a transformation Bk of one focal surface into the other. We have therefrom infinitesimal deformations of surfaces applicable to quadrics. It is the purpose of this paper to show that it is possible to establish with the aid of these infinitesimal deformations the equations of a continuous deformation of such surfaces and to obtain in intrinsic form the equations of a family of surfaces each of which is a continuous deform of the others and is applicable to a quadric. A family of this sort we call a system (Q).i
The paper is divided into two parts which deal respectively with the cases where Q is a paraboloid or a central quadric. In § 1 are set down certain equations and identities given by Bianchi and others derived from them. These are applied in § 2 to the expression in analytical form of the infinitesimal deformation of a surface S, applicable to a real hyperbolic paraboloid, which is determined by a transformation Bk of S. These results enable us to find in § 3 that the intrinsic determination of a surface S reduces to the integration of two partial differential equations.
L. P. EISENHART: CONTINUOUS [July In § § 4, 5 we derive the integrable system of differential equations which determine a system ( Q ) of non-ruled surfaces S, and in § 6 the similar question is handled for systems ( Q ) of ruled surfaces.
Since the correspondence between a surface S and a transform established by the associated IT-congruence is not also the correspondence of applicability of these surfaces, it is necessary to develop in § 7 certain transformed equations referring to the latter type of correspondence.
These are applied in § 8 to give an analytical proof of the reciprocal character of a transformation Bk.
In setting up a system ( Q ) we have associated with each surface S of the system a surface S, which arises from S by a transformation Bk. We say that these surfaces form the system conjugate to the given one. In § 9 we find that the conjugate system is itself a system (Q) whose conjugate system is the given one. In § 10 the question of generalized transformations Bk from a system ( Q ) into others of the same sort is investigated.
In § § 11, 12, 13, 14 we give in condensed form similar equations and results for surfaces S applicable to the real hyperboloid of one sheet. In order to facilitate comparison of analogous equations and identities, we have given them the same numbers in the two parts of the paper.
In § 15 we show by what change of variables and constants it is possible to transform the equations and identities so as to establish the existence of systems (Q) of pseudospherical surfaces, as found by Bianchl*
The closing section deals with systems (Q) of ruled surfaces applicable to the hyperboloid of revolution of one sheet and incidentally with a deformation of Bertrand curves into curves of the same kind.
Part I.
Systems ( Q ) of Surfaces Applicable to a Paraboloid. § 1. Preliminary Formulas.
If we take the equations of the paraboloid P in the form (1) ar0 = Vp (u + v), yo=V/q(u -v), z0 = 2uv, the generators are parametric and the first fundamental coefficients have the values (2) E -p+q + iv2, F=p-q+iuv, G=p + q + 4u2.
For the sake of brevity we define a function 77 by the first of the equations (3) 77 = i (EG -F2) = p(u-v)2+q(u + v)2 + pq.
The functions E, F, G, and 77 satisfy the following identities which are necessary in the discussion: 37? = 3_F d_G = 2^, dv du ' du dv ' 
32a;_131og773a; 13 log 773a;
where D, 7)', 7)" denote the second fundamental coefficients of a non-ruled surface S, applicable to the paraboloid, and X3, Y3, Z3 are the directioncosines of the normal to S. The Gaussian curvature of S is found to have the value («\ K --Apq m --p being thus defined. Consequently 
where p', a' and & are constants given by
and X is a function of n and v satisfying the equations
When the transformation Bk is determined by the generators of the confocal quadric P* corresponding to those of parameter u on P, the upper sign in (12) must be used and in (14) « = + 1. When the other system on Pk is used, we take either the upper signs in (12) and e = -1 in (14), or the lower signs in (12) and e = 4-1 in (14).t
We define four functions as follows:
_ di , iaiog77 am , íaiogff Xo = än + 2-o^m+1' Mo=an-+ 2-3ÍTm' 3Z 13 log 77 dm lâlogff P,-a¿+2~ar1' Qo = ~dv' + 2~du~l+1-It is important to observe that dl/du, •••, dm/dv, as used in (15) In consequence of (7) and (4) We know that if S and Si are the focal sheets of any JF-congruence,* an infinitesimal deformation of S is given by taking £, n, f proportional to the direction-cosines of the normal to Si at the corresponding point, the factor of proportionality being determined by the conditions (30). A fundamental property of the transformation Bk is that S and its transform Si, given by (10), are the focal surfaces of the W-congruence formed by the joins of corresponding points. Hence the knowledge of a transformation Bk of S leads to an infinitesimal deformation of S. We shall investigate this deformation.
The direction-cosines of the normal to «Si are proportional to expressions of the form t
Vpq
Accordingly we put
-(F14-Gm)VEXi+ (El+Fm)VGX2 + -^LPXSJ, and determine T subject to the above conditions. From (32) we obtain with the aid of (26) and (27) 2-^[^+fc)(g+E«y)-«.-(,*+.*) + U~S-77Â-3xJl37 + 3clogffi+-3X-J=:0-This in turn is reducible by means of (20) and (22) to (36). In like manner it may be shown that the second of the Codazzi equations is satisfied when X and T are solutions of (36) and (38). Hence we have the following theorem :
Given two equations (36), (38) in which the functions 77, /, m, U, V, W have the forms defined in § 1 ; if X and T constitute any integral of these equations, the functions D, D', D" given by (34) and (37), and the functions E, F, G given by (2) define intrinsically a surface applicable to the paraboloid. Furthermore, when a surface S has been found in this way and the coordinates x, y, z are known, a second surface of the same kind is given directly by (10).
Later ( § 7) we shall see in what way the intrinsic equations of the second surface can be found without quadrature. § 4. Continuous Deformation of S.
We are not interested primarily in the infinitesimal deformations of S, but rather in showing that with the aid of the equations of such deformatibns it is possible to discover systems of surfaces arising from continuous deformations of S.
To this end we replace £, 77, f in (32) by dx¡dw, ây Jdw, dz/dw, where w is a third variable, and we assume that the functions D, D', D", X involve this variable as well as u and v. Now we replace (32) by
and because of (14) and (25) equations (33) may be replaced by
d-£-e*iVmXl-FXt) + ^Xt, where we have put for the sake of brevity
By means of the ident.
In order that these equations be consistent, it is necessary and sufficient that the following conditions be satisfied for the X's, Y's and Z's:
Since equations (43) (45) In like manner the first of (44) for i -2 leads to the first of (45) and to
Furthermoic, the second of equations (44) for i = 1,2 give rise to
Finally, no new equations are introduced by equations (44) for i = 3, In consequence of (9) the fifst of equations (45) and (47) are equivalent to (48) By means of (35) these may be given the form
When these expressions are compared with (41), we find that in order that they be consistent it is necessary and sufficient that (50) £P + 2fk+öm2T -=??. pq kVpq
Later it will be shown that this is an identity.
Again, in order that the two expressions for dD' / dw in (46) and (47) be equivalent, it is necessary that (51) d^~^+eT^GD+ED"~2FD') = 0'
But when the values of B and C from (41) are substituted in this equation it is satisfied identically, by virtue of the Codazzi equations. Hence the only conditions introduced by equations (44) are (52) d-^=e*(GD'-FD") + ^.
dw dv
Reviewing the case rapidly, we observe that in addition to (52) the equations of condition of the problem are (9), (14), (28) and (34). It must now be shown that these equations in X, T, D, D', D" are consistent. To this end we observe that if equations (9) and (28) be differentiated with respect to w and in the result the derivatives of D, D', D" be replaced by the expressions (52), in which B and C are given the values (48), the resulting equations can be shown to be satisfied identically in consequence of (9) and (28) and of equations resulting from their differentiation with respect to u or v. § 5. Intrinsic Determination of Systems ( Q ) .
Before considering the determination of functions D, D', D", X, T satisfying the above mentioned conditions, we call attention to the fact that these equations constitute the necessary and sufficient condition that the following system be completely integrable:
Hence from the general theory of triple systems of surfaces in space we know that, when these conditions are satisfied, the quadratic form ds2 = Edu2 4-2Fdudv 4-Gdv2 -8HmeTdudw 4-8HleTdudw
(which arises from the first three of (53) and similar expressions in y and z ) defines space referred to a triple system of surfaces, such that the surfaces w = const, are applicable to one another and to the paraboloid (1).
We return now to the consideration of the system of consistent equations (9), (14), (28), (34) and (49). It was shown in § 3 that by means of (35) and (37) the functions D, D', D" may be eliminated from (9), (14) and (28) with the result that we obtain the two equations (36) and (38). When the expressions for D, D', D" from (35) and (37) are substituted in (49), we obtain R^V/TKVfgTO ,2Jfd_T^ 31og77 3Iogm A jfc L d\ "*" A V^M du ■*" du 21
31og77 31og/ A C=-% |_dX ^V3ci" 3c ~*~ 3c "t"2m 1 3 log/m3X + 2 3X 3c )]■ With the aid of these expressions and the former ones equations (52) 
where An, • • •, Fi, F2 are determinate functions of n, v, X, T and the first derivatives of X and T with respect to n, v and w. It is unnecessary to write down the explicit expressions for these functions, but it is important to remark that since the system of equations (9), (14), (28), (34) and (49) is consistent so also is the system (36), (38) and (56). Furthermore, when a set of values of the latter system is known, one obtains the functions D, D', D" directly from (35) and (37).
The systems of equations is such that the formal integration reduces to the determination of power series in w, thus X = <P0+ <PlW + (P2W2 + (57) T = fa + fa w + fa w2 4-where the ^>'s and ^'s are functions of u and v. Evidently for <p0 and ipo we take a set of solutions of (36) and (38). To find <pi and ^i we substitute the expressions (57) in (56), and put w = 0; this gives four equations of the form a <pi a <pi a ^i a ^i
where the functions A and B involve <pi, fa, <p0, ^o and the derivatives of <Po and \¡/Q• When one has a set of functions <pi,^i, satisfying these equations, the determination of <p2 and fa is a similar problem. In this case we differentiate equations (56) with respect to w, substitute (57) and put w = 0. Proceeding step by step we reduce the problem of finding the coefficients in (57) to the integration of systems of equations of the type (58). It is not our purpose to go further into the consideration of the character and domain of the solutions, but we have given sufficient indication to enable us to state that equations (36), (38), (56) There exist triple systems of surfaces such that the surfaces in one family are continuous deforms of one another and of the hyperbolic paraboloid.
We have thus established the existence of systems ( Q ). Thus far we have considered only surfaces applicable to the hyperbolic paraboloid. Bianchi has derived the equations for transformations of surfaces applicable to the elliptic paraboloid* and also to the imaginary paraboloid ( 59) ^ + ^=2iz.
v q
The changes to be made in the formulas in these two cases are such that one sees readily that by a repetition of the processes of the foregoing sections one can easily establish the existence of systems (Q) of surfaces applicable to these two types of paraboloids also. As a matter of fact we have shown elsewheret that there exist systems ( Q ) of surfaces applicable to the paraboloid (59), the process of proof being less direct than the foregoing. § 6. Systems iQ) of Ruled Surfaces.
Thus far we have excluded the case where S is ruled. We consider it now, and observe that (9) may be replaced by
where <p is independent of u, the assumption being that the lines v = const, are straight. From geometrical considerations it is evident that if the transform Si given by (10) is to be ruled also, the upper signs in (12) must be used and « = + 1 in (14). The latter equations reduce in this case to consequently X is a function of c alone. Instead of (35) a2 log mid log m y a2log/_ id log l\2
a2 log m _ a2 log i _ a log m a log i dudv dudv du dv
Since <p is at most a function of v and w, the coefficients in equation (65) must be independent of u. The first is constant and the second is evidently independent of u, in consequence of (61) is independent of u. In view of (19) and (50) Equations (61), (68j, (69) form a system to which the standard existence theorems apply. Hence recalling the general discussion of § 4, we have the result:
There exist systems iQ) for which all of the surfaces w = const, are ruled, and the determination of the intrinsic equations of such systems requires the integration of a system of partial differential equations of the first order. § 7. Change of Parameters. Fundamental Identities.
We will now establish the fundamental identity (50), and to this end consider the transformation Bk defined by equations of the type «•»» -i »d* i 3a; (70) x = x+l~4-m^. By means of (71) we can find the first fundamental coefficients of S, but as Bianchi* has remarked, these functions have not the same form as (2). He proved,f however, that it is possible to transform the parameters on S into a new system ñ, v so that the new coefficients E, F, G as functions of ñ and v have the form (2). In fact, this change of parameters is made in accordance with the affine transformation of Ivory, whose analytic form is To these may be added the following useful identities which arise from (24) and (84) • B., p. 46. 
L. P. EISENHART : CONTINUOUS DEFORMATIONS OF SURFACES
In consequence of (14) and (86) equations (71) <r=--^-(7)/2-7)"m2).
Hence the asymptotic lines on S and S correspond and we have the following result, established by Bianchi in another manner :f The surfaces S and S, the latter resulting from a transformation Bk of the former, are the focal surfaces of a W-congruence formed by the lines joining corresponding points.
* If the other system of generators of the quadric Q* are used, so that we take the lower signs in the expressions for U and V, it merely comes to changing the sign of every radical under which q' appears. So far as the present result goes, it is the same in both cases, as one sees readily by reviewing the above work.
We have not written down the first fundamental coefficients E, F, G referring to the parameters u and vonS, but one gets them at once from (71). Hence, when one has a surface S defined intrinsically as explained in § 3, a transform S is given intrinsically at once. § 8. The Inverse of a Transformation Bk.
Since S and S are the focal sheets of a congruence, we have Suppose that we have a system ( Q ) and that upon each surface S of the system we effect a transformation 77*, given by dx dx (96) *-* + *»£,+ *'*» where h and mi are given by replacing X and A in (11) and (12) by Xi and Ai. If (96) be differentiated with respect to w, the result is reducible by (39) and (40) From the given system ( Q ) we obtain by means of (96) a triple system of surfaces expressed in terms of parameters u, c, w, such that the surfaces w = const, are applicable to the paraboloid. If we wish this system to be given in terms of the parameters Ui, ci, w, where Ui and Ci are obtained from *B., p. 36.
(72) by replacing X and k by Xi and ki, the direction of the curves for which both ni and î>i are constant is given by dari dari 3ni aXi aari a«i 3Xi _a_ari dw dui aXi dw a»i aXi dw ~~ dw ' From (97) , (77) and (76) we find
ei being =t 1 and not necessarily equal to e (it arises from (77)). Before considering_a general system of surfaces Si thus defined, we will look at the surfaces S which are used in constructing the system ( Q ). For this particular case we have h = l, mi = m, Xi = X, ki = k, ei = e, ni = ñ, Vi = v, and so (98) reduces to Hence a tangent to a curve of parameter w is parallel to the normal to S at the corresponding point.
The parameters £ and v were chosen so that the surfaces S are seen to be applicable to one another and to the paraboloid.
The relation between a pair of surfaces S and S is reciprocal, as shown in § 8. The curves along which the surfaces S are deformed into one another are such that a tangent to such a curve is parallel to the corresponding normal to S. Hence if we say that the surfaces S form a system conjugate to the given system ( Q ), we have the result
The system conjugate to a given system (Q) is itself a system (Q). In order to give further consequences of the foregoing results, we observe that in consequence of (81) (101) 7? pq which evidently is the analogue use of (100), and from the preceding results we know that it is true. § 10. Transformations of Systems ( Q ).
We return to the consideration of equations (96) and (98). The former when applied to a system ( Q ) leads to a triple system of surfaces such that each of the surfaces w = const, is applicable to the paraboloid, by a suitable change of parameters involving Xi. It is natural to inquire whether it is possible to determine Xi involving w in such a way that the transformed surfaces shall form a system ( Q ).
If such a transformation is possible, the function Xi must satisfy the equations 3Ï"2Mg('lS + ""C)+»T'r'
where tt is a function to be determined. Referring to (54) we observe that in consequence of (85) the condition T --y dxdx_ /dxV du dw dv dw \dwj must be satisfied by a system ( Q ). From the results obtained in certain special cases it is probable that this condition is sufficient. Applying it to the surfaces Si we obtain a quadratic equation in x, namely (104) iki-k)wi4-PT+Q = 0, where P and Q are determinate functions of u, c, X, Xi, A and Ai.
The conditions of integrability of equations (102) (104) and (105), it may be found by differentiation.
We have shown elsewhere* by other methods that these transformed systems (Q) exist for the case where the surfaces S are applicable to the imaginary paraboloid. Since there is no essential difference in the formulas of transformations Bk when the fundamental quadric is a hyperbolic or an imaginary paraboloid, we have good reason to believe that a function tr exists satisfying (104) and (105), and that the function Xi given by (102) leads to a transformed system ( Q ). Incidentally we remark that, in the case where the surfaces S are applicable to the imaginary paraboloid, for the curves of deformation of the surfaces Si the tangents are parallel to the normals to surfaces Si applicable to the same paraboloid, and each surface Si forms with the corresponding surfaces S, S, Si a quartern in accordance with the " theorem of permutability " which Bianchit has established for transformations Bk.
Part II.
Systems (Q) of Surfaces Applicable to a Central Quadric § ll. Preliminary Formulas.
In the following sections we consider systems ( Q ) of surfaces S applicable to the hyperboloid
the parameters referring to the generators. From these we obtain It is not our purpose to repeat the details for systems ( Q ) now under discussion, but merely to give the fundamental equations and identities and state the results. In general there are equations and expressions analogous to all of those in Part I, and in giving certain of them we will use the same numbers as in the former part, so that the reader may compare them and fill in the gaps.
We find readily that Here the signs in (12) and e in (14) have a significance analogous to that in Part I.
For the sake of brevity we write dl 2 1 a log p dm la log p 7>o=5--r-¿4--m+l, üio=T-+ö~T^m.
du u + v 2 a» a« 2 a« (15) az laiogp am 2 , îaiogp, , < a« 2 a» a» n+» 2 an it being understood that the following notation is used:
We make use also of the function A defined by
IMq-mLp _ IQo -mPp
and we may show that
We are thus enabled to define a function J by ¿p (n 4-p)2Mq' + a'b'c' V .
•o,n 7 /"a¿ , Ärp(n4-»)2¿q\ /¿m (24) J=m[¥e+ a,Vc, yrl\Mo
For the present case we have equations of the same form as (25), (27) "37-MT^ + 3"«logpZ
and the third is a consequence of these.
As the conditions of integrability of (35) are satisfied, we have the theorem: When a transformation Bk of a surface S applicable to a hyperboloid is known, an infinitesimal deformation of S is given by a quadrature.
As in the case of surfaces applicable to the paraboloids, we can give an intrinsic definition of surfaces applicable to a hyperboloid as follows:
Consider the two differential equations j/37/ 31ogp 31ogm 2 \ \ 3m 3m 3m m + v ) fdT 31ogp 3 log/_2_\ dl df>dmdj_
,(àmd_l_dlL 30\_n
in which p, /, m, U,V, W are given by (8), (11), (12) 
a r 4 a log p 2 aiogz 1 am a g oUcpM a«+m+ a» n + ?>+ a» + m a0 as + 2(n-i-»)277m '
are the second fundamental coefficients of a surface applicable to the hyperboloid (1), the first fundamental coefficients being given by (2). Furthermore, when one has a surface S defined in this manner, one can obtain without quadratures the intrinsic equations of a second surface of the same kind, which is a transform under a Bk of S. and similar ones in y and z define space referred to a triple system of surfaces, such that the surfaces w = const, are applicable to one another and to the hyperboloid (1).
The discussion of this problem may be carried on as in § 4, with equations similar to (40), (42), (43) and (44), with the difference that now .
As in § 4 it can be shown readily that all the equations of condition of the problem, viz., (9), (14), (34), (52) As regards the existence and determination of systems (Q) oí this sort the analytical procedure is similar to that followed in § 5, and the result is the same, namely
There exist triple systems of surfaces such that the surfaces in one family are applicable to one another and to the hyperboloid.
With the aid of the results of Bianchi* one can readily extend the foregoing investigation and establish the existence of systems ( Q ) of surfaces applicable to any central quadric.
Thus far we have tacitly assumed that the surfaces S are not ruled, but by considerations similar to those of § 6 it may be shown that There exist systems (Q) for which all of the surfaces w = const, are ruled, and the determination of the intrinsic equations of such systems requires the integration of a system of partial differential equations of the first order.
In fact, for the case of the hyperboloid (1) where <p is independent of n. Now equations (14) (61), (68) and (69) arising in the proof of (85).
One shows readily that (72) is reciprocal in form, and by means of the expressions derived therefrom for u and c in terms of m and v it can be proved that If S is a transform of S by a transformation 77*, S may be obtained from S by another 77*, which is the inverse of the former.
When a system ( Q ) is transformed by a 7?*, whose equations are
where h and mi denote the result of replacing 6 and k in I and m by Bi and ki, we obtain a system of surfaces Si applicable to the same hyperboloid. If each surface Si undergoes a transformation of parameters to a new set ni and vi, analogous to ñ and v, defined by (72), we have space referred to a triple system of surfaces of parameters ui,vi,w.
As shown in § 9, the direction of the tangent to the curves of parameter w are given by
v f T 2*P* ^cA , , r> , n 2eiki(u + v)^Mc 30,1
When we take (92) in place of (96), this reduces to
Hence the tangents to the curves of parameter w are parallel to the corresponding normals to the surfaces S, and Consequently, if we say that the surfaces S form a system conjugate to the given system, we have the theorem:
The system conjugate to a given system (Q) is a system (Q). As regards the existence of a generalized transformation of a system (Q) into a system ( Q ) the situation is similar to that set forth in § 10. However, in the next section we give an example of particular systems ( Q ) for which such transformations have been established. § 15. Isogonal Deformations of Pseudospherical Surfaces.
If in (1) we put* (109) a-b-i, c= 1
we have that Q is the imaginary sphere a^-f-y2-f-z2-|-l = 0, an¿ conse_ quently S is a pseudospherical surface. In this case we have Equations (118) define a system (Q) such that the surfaces w = const, are pseudospherical and the curves of parameter w are isogonal trajectories of these surfaces. These are the systems which Bianchi has discovered and, in fact, the equations are in the form given by him.* Bianchi* shows that the relation (120) characterizes systems (Q) for which the curves of parameter w are isogonal trajectories of the pseudospherical surfaces w = const. When Bianchi expresses the condition (120) for the system arising from a given system ( Q ) by means of a transformation B"x, he finds that <pi must satisfy in addition to (117), in which a is replaced by ai, the further equation 3 <pi a tan ai 3 A , u tan <xi 3 A dw sin a du sin a dv
A sin<Ti A cos a sin2 <ri +-:-:-T~--:-^ cos i<Pi~ <P ) • sin a -sin c*i sin <r cos oi ( sin a -sin <ri )
Because of the particular form of the functions Bianchi was enabled to factor the equation analogous to (104) § 10, but we have indicated a method by which it can be formed, even if the factors are not apparent.
Thus we have a particular case in which a system ( Q ) of surfaces applicable to a central quadric is transformable into another system ( Q ). This strengthens the belief stated at the end of the preceding section. Furthermore, we are of the opinion that (104) is the sufficient as well as necessary condition that a family of continuous deforms of a central quadric forms a system (Q).
It should be added here that by suitable changes in constants and variables it is possible to transform the results of the preceding sections so that one shall obtain similar theorems for surfaces applicable to any central quadric. § 16. Deformation of the Hyperboloid of Revolution and of Bertrand Curves.
We shall close our discussion with the consideration of the continubus deformation of a ruled-surface applicable to an hyperboloid of revolution, because one derives therefrom a continuous array of applicable curves of Bertrand.
Let S be a ruled surface applicable to an hyperboloid of revolution, then the line of striction is a Bertrand curve and corresponds to the circle of gorge on the hyperboloid.
Referring to (1), we see that in the present case b = a and the line of striction is given by uv -1 = 0. Accordingly we effect the change of parameters 1 -t u =-, V = Vi, Vi so that the curve t = 0 on each surface S is the line of striction.
In this case Ei = 2(^Y = §, Fi = ^¥=U-iE-l-F, Gi=G-^F+%E. We denote by S the locus of the Bertrand curves t = 0 on the surfaces w = const, of a system ( Q ) of the kind considered.
The direction-cosines of the normal to S are of the form X = r[cVa2-|-cMX-a(V7iZ-<Gm)Xz], where_ r = -4(<EÏ+ VGm)2 a2 + c2 (a2 + c2) A2.
If w denotes the angle between the principal normal to t = 0 and the normal to the surface, then cos Z> = ar( VÖm -VÉ/), sin w = er A Va2 + c2 The surfaces w -const, of the system ( Q ) conjugate to the given system are likewise applicable to the same hyperboloid.
Moreover to a curve of Bertrand of the original system corresponds a curve of Bertrand of the second system in such a way that the join of corresponding points is tangent to the two surfaces of conjugate systems; we call the second curve the conjugate Bertrand curve. Hence we have the theorem :
To each function <p satisfying equations (124) there corresponds a family of curves of Bertrand defined by (123) such that all of these curves are continuous deforms of one another, the parameter of deformation being w, the direction of deformation being parallel to the principal normal of the conjugate curve at the corresponding point.
Later we shall consider general deformations of Bertrand curves.
Pbinceton, November 15, 1912.
